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ON THE VALUE GROUP OF A MODEL OF PEANO
ARITHMETIC
MERLIN CARL, PAOLA D’AQUINO, AND SALMA KUHLMANN
Abstract. We investigate IPA - real closed fields, that is, real
closed fields which admit an integer part whose non-negative cone
is a model of Peano Arithmetic. We show that the value group of
an IPA - real closed field is an exponential group in the residue
field, and that the converse fails in general. As an application, we
classify (up to isomorphism) value groups of countable recursively
saturated exponential real closed fields. We exploit this character-
ization to construct countable exponential real closed fields which
are not IPA - real closed fields.
1. Introduction
A real closed field (RCF ) is a model of Th(R), the first order theory of
R in the language of ordered rings L = {+, ·, 0, 1, <}. An integer part
of a real closed field R is a subring of R that generalizes in a natural
way the relation between the integers and the reals.
Definition 1. An integer part (IP ) for an ordered field R is a discretely
ordered subring Z such that for each r ∈ R, there exists some z ∈ Z
with z ≤ r < z + 1. This z will be denoted by ⌊r⌋.
If R is an ordered field, then R is Archimedean if and only if Z is
(the unique) integer part. We will consider only non-Archimedean real
closed fields. Integer parts provide an approach for building connec-
tions between real algebra and models of fragments of Peano Arithmetic
(PA). Shepherdson [S] showed that a discretely ordered ring Z is an
integer part for some real closed field if and only if its non-negative
cone, i.e. Z≥0 is a model of IOpen (see below). Every real closed field
has an integer part, see [R]. However, an integer part for R need not be
unique, not even up to elementary equivalence. Indeed it is difficult to
provide algebraic criteria for integer parts to satisfy properties beyond
IOpen (such as cofinality of primes, normality), especially if they are
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to be constructed as recursive structures see [M], and [BKK] for an
extensive discussion.
We recall that PA is the first order theory in the language L =
{+, ·, 0, 1, <} of discretely ordered commutative rings with 1 of which
non-negative cone satisfies the induction axiom for each first order
formula. Fragments of PA are obtained by restricting the induction
scheme to certain classes of formulas. The following subsystems will
be relevant for this paper:
(1) IOpen (open induction) denotes induction restricted to open
formulas, i.e. formulas that do not contain quantifiers;
(2) I∆0 (bounded induction) denotes induction restricted to bounded
formulas, i.e. formulas in which all quantifiers are bounded by
terms of the language;
(3) I∆0 + EXP is I∆0 with an extra axiom stating that the ex-
ponential function is total. It is known that I∆0 + EXP is a
proper extension of I∆0, for details see [HP, Chapter V.3].
In what follows we will not make any distinction between the discrete
ordered ring and its non-negative cone as a model of PA or one of its
fragments. For convenience we introduce the following definition.
Definition 2. A non-Archimedean real closed field which admits an
integer part which is a model of PA is called an IPA - real closed field,
or IPA − RCF . Any such IP for the IPA − RCF at hand is called
an IPA for it.
For an extensive exposition on models of PA see [K]. In this paper
we investigate the valuation theoretical properties of any IPA−RCF .
Our main result Theorem 3 establishes that their value groups (with
respect to the natural valuation) satisfy strong valuation theoretical
conditions (see Definitions 6 and 7).
Theorem 3. Let K be a non-Archimedean IPA − RCF . Then K
admits left exponentiation and the value groupG ofK is an exponential
group in the additive group (K,+, 0, <).
Theorem 3 provides a method for constructing real closed fields
with no IPA, see Section 3. Theorem 3 has many implications on
the valuation theoretic structure of IPA − RCF . In particular, non-
Archimedean IPA−RCF s cannot be maximally valued, see Corollary
14. Corollary 14 can be interpreted as an arithmetical counterpart to
[KKS, Theorem 1] stating that no maximally valued non-Archimedean
real closed field admits left exponentiation. We remark that in the
above results PA can be replaced by its proper fragment I∆0 +EXP ,
see Corollary 12. The converse of Theorem 3 fails, even in the count-
able case. Indeed in Section 4 we give a characterization of countable
recursively saturated exponential groups - see Corollary 17 - and use
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it to construct countable exponential real closed fields which are not
IPA− RCF s, see Example 18.
We conclude by the following question: is every model Z of PA the
integer part of a real closed exponential field (K, exp)? As we observe
in Corollary 13 the natural candidate for K is the real closure of the
field of fractions of Z, which is an IPA−RCF . By Theorem 3 we know
that this real closed field admits a left exponential function. However
it is unknown to us whether every real closed field which admits a left
exponential function also admits a total exponential function. These
questions will be investigated in future work.
2. Valuation-theoretical Preliminaries
We first summarize some background on divisible ordered abelian
groups (see [K1] and [K2]). Let (G,+, 0, <) be a divisible ordered
abelian group, i.e., an ordered Q-vector space. For any x ∈ G, let
|x| = max{x,−x}. For non-zero x, y ∈ G, we define x ∼ y if there
exists n ∈ N such that n|x| ≥ |y| and n|y| ≥ |x|. We write x ≪ y
if n|x| < |y| for all n ∈ N. Clearly, ∼ is an equivalence relation,
and [x] denotes the equivalence class of any non-zero x ∈ G. Let
Γ := {[x] : x ∈ G \ {0}}. We define a total order < on Γ as follows
[y] < [x] if x ≪ y. We call Γ the rank of G (or the value set of G).
The map v : G → Γ ∪ {∞} defined by v(0) := ∞ and v(x) = [x] if
x 6= 0 is called the natural valuation on G. For every γ ∈ Γ, fix x ∈ γ
and choose a maximal Archimedean subgroup Bγ of G containing x.
We call Bγ the Archimedean component associated to γ. For each γ,
Bγ is isomorphic to an ordered subgroup of (R,+, 0, <).
Now we recall analogous notions for real closed fields. Any real closed
field (K,+, ·, 0, 1, <) has a natural valuation v, that is the natural valu-
ation associated with the divisible ordered abelian group (K,+, 0, < ).
We define an addition on the value set v(K×) by setting v(x) + v(y)
equal to v(xy) for all x, y ∈ K×. The value set, equipped with this
addition, is a divisible ordered abelian group. We call G = v(K×) the
value group of K.
We now recall some basic notions and fix notations relative to the
natural valuation v.
Notations.
Rv := {a ∈ K : v(a) ≥ 0} is the valuation ring. Note that (Rv,+, 0, <)
is a divisible convex subgroup of (K,+, 0, <).
µv := {a ∈ K : v(a) > 0} the valuation ideal.
U>0v := {a ∈ K
>0 : v(a) = 0} the group of positive units of Rv. Note
that (U>0v , ·, 1, <) is a divisible subgroup of (K
>0, ·, 1, <).
K := Rv/µv, the residue field of K, which is an Archimedean field, i.e.
isomorphic to a subfield of R.
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Remark 4. The valuation ring Rv is the convex hull of Z in the ordered
field K. It is straightforward to verify that Z ∩Rv = Z for any integer
part Z of K.
Definition 5. (i) Let Γ be a linearly ordered set and {Bγ : γ ∈ Γ}
be a family of (additive) Archimedean groups. The Hahn group (Hahn
sum) G = ⊕γ∈ΓBγ is the group of functions f : Γ → ∪γ∈ΓBγ where
f(γ) ∈ Bγ, supp (f) = {γ ∈ Γ : f(γ) 6= 0} is finite, endowed with
componentwise addition and the lexicographical ordering. Note that
the rank of G is Γ and the Archimedean components of G are {Bγ :
γ ∈ Γ}.
(ii) Let G be an ordered abelian group and k an Archimedean field.
Then k((G)) is the field of generalized power series over G with co-
efficients in k. That is, k((G)) consists of formal expressions of the
form Σg∈Gcgt
g, where cg ∈ k and {g ∈ G : cg 6= 0} is well-ordered.
Again, the addition is pointwise, the ordering is lexicographic and the
multiplication is given by the convolution formula.
3. Left exponentiation on IPA− RCF
Let (K,+, ·, 0, 1, <) be a real closed field. Observe that (K,+, 0, <) and
(K>0, ·, 1, <) are divisible ordered abelian groups, i.e. ordered Q-vector
spaces. Therefore we can lexicographically decompose them as
(K,+, 0, <) = A⊕ Rv and (K
>0, ·, 1, <) = B · U>0v ,
where A is a (vector space) complement of Rv and B is a (vector space)
complement of U>0v .
We are now in a position to introduce the following
Definition 6. A real closed field K is said to admit left exponentiation
if there is an order preserving group isomorphism from a complement
A of Rv in (K,+, 0, <) onto a complement B of U
>0
v in (K
>0, ·, 1, <).
The existence of left exponentiation on K imposes very restrictive
conditions on its value group. These value groups were studied exten-
sively in [KKS] and [K1]:
Definition 7. Let G be an ordered abelian group with rank Γ and
Archimedean components {Bγ : γ ∈ Γ}. Let C be an Archimedean
group. We say that G is an exponential group in C if Γ is isomorphic
(as linear order) to the negative cone G<0, and each Bγ is isomorphic
(as ordered group) to C.
We shall need in Section 4 the following characterization of countable
divisible exponential groups [K1, Theorem 1.42]:
Theorem 8. A countable divisible ordered abelian group G 6= {0} is
an exponential group if and only if G is isomorphic to the Hahn sum
⊕QC for some countable archimedean group C 6= {0}.
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In the proof of Theorem 3 we will make implicit use of the general
properties of the exponential function on a model of PA which we sum-
marize here. The graph of the exponential function over N is definable
by an L-formula E(x, y, z), which stands for xy = z. For convenience
we fix the base 2 for exponentiation. We use E(x, y) for E(2, x, y). PA
proves the following properties:
(1) E(0, 1), E(1, 2) and ∀x∃!yE(x, y).
(2) ∀x∀y((x ≥ 1 ∧ E(x, y))→ (y ≥ x+ 1))
(3) ∀a, b, c, d((E(a, c) ∧ E(b, d))→ E(a + b, cd))
(4) ∀a, b, c, d((E(a, c) ∧ E(b, d) ∧ a < b) → c < d) “the exponential
is strictly increasing”
(5) ∀x∃!y∃z(E(y, z) ∧ z ≤ x < 2z) “each element lies between two
successive powers of 2”
The above properties imply that over any model of PA there is a func-
tion exp defined by the formula E(x, y) which behaves as the exponen-
tial function over N, and when restricted to N is the usual exponential
function in base 2. In what follows we also write exp(m) = 2m.
Remark 9. It is known that there is a ∆0-formula defining the graph
of the exponential function in N for which the above properties of
exponentiation, except the totality, are provable in I∆0. These prop-
erties give an invariant meaning to exponentiation in every non stan-
dard model of I∆0 (see [HP, Chapter V.3]). EXP denotes the axiom
∀x∃!yE(x, y).
In Lemma 1.3 of [MSS], the authors show that if the non-Archimedean
field R((G)) is an IPA − RCF , then it would admit exponentiation.
Theorem 3 stated in the Introduction is a generalization of their result.
We are now ready to prove it.
Proof. We first show that K admits left exponentiation. Let Z be an
integer part of K where Z := −M ∪M and M is a model of PA. The
idea of the proof is to extend the exponential function defined on M
first to Z and then to the divisible hull QZ := {qm : q ∈ Q ∧ m ∈
Z} of Z using the rules of exponentiation. Exploiting a direct sum
decomposition of QZ := A⊕Q, we get an exponential function exp on
A by restriction. We will then show that A is a complement to Rv and
B :=exp(A) a complement to U>0v .
Without loss of generality we fix a Q-basis X ∪ {1} ⊂ Z of QZ with
X ⊂ Z \ Z. Set A := 〈X〉Q, so that QZ := A⊕Q. From Remark 4 we
infer that QZ ∩Rv = Q. Therefore for all 0 6= a ∈ A we have v(a) < 0.
Extend exp from M to Z = −M ∪M (with values in the fraction field
of Z) in the obvious way by setting exp(−m) := 1exp(m) for m ∈M .
Since (K>0, ·, 1, <) is divisible, we can define exp: QZ → K>0 by
setting exp(m
n
) := exp(m)
1
n for m ∈ Z, 0 < n ∈ N. Set B := exp(A).
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It is straightforward to verify that exp is strictly increasing and a group
homomorphism. Since exp(n) = 2n for n ∈ N, we have by construction
that exp(z) ∈ Q for z ∈ Z. It follows that for q ∈ Q we have exp(q) ∈
U>0v since e.g. 2
⌊q⌋ ≤ exp(q) < 2⌊q⌋+1. We observe that if 0 6= a ∈ A
then v(a) < 0. It follows that, for a ∈ A, if a > 0 then v(exp(a)) < 0
and if a < 0 then v(exp(a)) > 0, so in any case v(exp(a)) 6= 0, so
exp(a) /∈ U>0v .
Claim 1: A is a complement of Rv in (K,+, 0, <).
We first prove that K = A+Rv. Let x ∈ K. If x ∈ Rv there is nothing
to prove, so assume that x ∈ K×\Rv. Write ⌊x⌋ = α + q · 1, with
α ∈ A and q ∈ Q. So ⌊x⌋ ∈ A + Rv. Since 0 ≤ x − ⌊x⌋ < 1 we have
x− ⌊x⌋ ∈ [0, 1[⊂ Rv. Hence, x = ⌊x⌋ + (x− ⌊x⌋) ∈ A+Rv.
Now let 0 6= x ∈ A ∩ Rv, then v(x) < 0 and v(x) ≥ 0, a contradiction.
Claim 2: B is a complement of U>0v in (K
>0, ·, 1, <).
We first prove that K>0 = B · U>0v . Let x ∈ K
>0. If x ∈ U>0v , there is
nothing to prove, so assume that x /∈ U>0v . Without loss of generality,
let x > 1, so ⌊x⌋ ∈ M . Since M |= PA, by Axiom (4) there exists
m ∈M such that exp(m) ≤ ⌊x⌋ < exp(m+1). From these inequalities
it follows e.g. that exp(m) ≤ x < 22exp(m), so 1 ≤ xexp(m) < 4. So,
x
exp(m) ∈ U
>0
v . As m ∈ M , write m = α + q, where α ∈ A, q ∈ Q.
Then exp(m) = exp(α)exp(q). Now exp(q) ∈ U>0v , so
x
exp(α) ∈ U
>0
v
and x ∈ B · U>0v . Finally, we verify that U
>0
v ∩ B = {1}. But this is
straightforward by the observation just before Claim 1.
In [K1, Proposition 1.22 and Corollary 1.23], it is shown that for a
non-Archimedean real closed field K, if K admits left exponentiation,
then the value group of K is an exponential group in C := (K,+, 0, <).
This completes the proof of the theorem. 
Remark 10.
1) In [Me, Corollary 2, p. 266], it is shown that Z cannot be a direct
summand of the additive group of a non standard model of true Arith-
metic. The proof is easily seen to actually yield the same conclusion for
models of PA.1 So to define the required complement A in the proof
of Theorem 3 we rather use the fact that Q is a direct summand of the
divisible hull QZ of Z.
2) Note that in the above proof we may replace the hypothesis that
K is real closed by the assumption that (K>0, ·) is divisible, that is K
is root closed for positive elements.
3) The converse of Theorem 3 fails, even in the countable case, see
Section 4, Example 18.
1In fact, it is shown in [Ca] that this already holds for models of the much weaker
theory IE2. Moreover, in an email to the first author, Emil Jerabek sketched an
argument that this already holds for IE1.
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4) The rank of a divisible exponential group G 6= {0} is a dense
linear order without endpoints (since the linear order G<0 is such).
There are plenty of divisible ordered abelian groups that are not ex-
ponential groups in (K,+, 0, <). For example, take the Hahn group
G = ⊕γ∈ΓBγ where the Archimedean components Bγ are divisible but
not all isomorphic and/or Γ is not a dense linear order without end-
points (say, a finite Γ). Alternatively, we could choose all Archimedean
components to be divisible and all isomorphic, say to C, and Γ to be
a dense linear order without endpoints, but choose the residue field so
that (K,+, 0, <) is not isomorphic to C.
As an application of Theorem 3, we present a class of subfields of power
series fields that are not IPA−RCF .
Example 11. [A class of not IPA real closed fields:] Let k be any real
closed field. Let G 6= {0} be any divisible ordered abelian group which
is not an exponential group in (k,+, 0, <), see Remark 10 (4). Consider
the field of power series k((G)) and its subfield k(G) generated by k
and {tg : g ∈ G}. Let K be any real closed field satisfying
k(G)rc ⊆ K ⊆ k((G))
where k(G)rc is the real closure of k(G). Any such K has G as value
group and k as residue field. By Theorem 3, K is not an IPA−RCF .
The reader will also have noticed that the full power of PA is by far
not used in the proof of Theorem 3. All that is needed is a theory T of
arithmetic strong enough to prove arithmetical facts (1)-(5) about the
exponential function (see Remark 9). Hence
Corollary 12. Let (R,+, ·, 0, 1, <) be a non-archimedean real closed
field. Assume that R admits an integer part which is a model of I∆0+
EXP . Then R admits a left exponential function.
Below we gather a few other consequences of Theorem 3. We obtain
the following exponential analogue to one direction of Shepherdson’s
theorem [S] cited in the introduction. For the notion of exponential
integer part appearing below and a proof of Ressayre’s theorem that
every exponential RCF has an exponential IP , see [DKKL].
Corollary 13. If M |= PA, then M is an exponential integer part of
a left exponential real closed field.
Proof. Let Z = −M ∪M and consider K := ff(Z)rc, the real closure
of the fraction field of Z. Then Z is an integer part of K by the
mentioned result of Shepherdson. As remarked above since M is a
model of PA, it has a total exponential function. By Theorem 3, K
has left exponentiation.

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In [KKS] it is shown that for no ordered field k and ordered abelian
group G 6= {0} does the field k((G)) admit a left exponential func-
tion. Therefore, if we take k = R, we can deduce from Theorem 3 the
following result, without any further assumptions on G.
Corollary 14. For any divisible ordered abelian group G 6= {0} the
field R((G)) is not an IPA−RCF .
We also observe that the necessary condition on the value group
(appearing in Theorem 3) is not sufficient:
Corollary 15. Let G be a divisible exponential group. Then there is
a real closed field (K,+, ·, 0, 1, <) such that v(K×) = G but K does
not have an IPA.
Proof. Let K = R((G)). By Corollary 14, K cannot have an IPA. 
Let G be a divisible exponential group in (R,+, 0, <)2. Applying
Corollary 15, we obtain in particular a real closed field K with residue
field R such that its value group is exponential in (R,+, 0, <), but K
does not have an IPA.
4. Countable recursively saturated exponential groups
We now investigate recursively saturated real closed fields in light of
Theorem 3.
For convenience we recall a few definitions, and refer the reader to
[DKL] for more details. L be a computable language. An L-structure
M is recursively saturated if for every computable set of L-formulas
τ(x, y¯) and every tuple a¯ in M (of the same length as y¯) such that
τ(x, a¯) is finitely satisfiable in M , τ(x, a¯) is realized in M . A subset
T ⊂ 2<ω is a tree if every substring of an element of T is also an
element of T . If σ, τ ∈ 2<ω, we let σ ≺ τ denote that σ is a substring
of τ . A sequence f ∈ 2ω is a path through a tree T if for all σ ∈ 2<ω
with σ ≺ f , we have σ ∈ T . A nonempty set S ⊂ R is a Scott set if
S is computably closed i.e., if r1, . . . rn ∈ S and r ∈ R is computable
from r1⊕ . . .⊕ rn (the Turing join of r1, . . . , rn), then r ∈ S; and every
infinite tree T ⊂ 2<ω which is computable in some r ∈ S has a path
that is computable in some r′ ∈ S.
Any Scott set is an Archimedean real closed field, i.e. a real closed
subfield of R, but there exist countable real closed subfields of R which
are not Scott sets such as the real closed field of recursive reals. For fur-
ther relevant information on Scott sets, we refer the reader to [DKLM].
2For example, if K is a non-Archimedean exponential field with residue field R,
then its value group G satisfies this assumption, see [K1].
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IPA-real closed fields are recursively saturated 3, and the converse
holds in the countable case [DKS, Theorem 5.1 and 5.2]. On the other
hand, an algebraic characterization of recursively saturated real closed
fields (of any cardinality) is given in [DKL]. In particular, it is shown
that the value group of a recursively saturated real closed field is recur-
sively saturated [DKL, Theorem 5.2]. We will need the following char-
acterization of countable recursively saturated divisible ordered abelian
groups [DKL, Corollary 4.6]:
Theorem 16. A countable divisible ordered abelian group G 6= {0} is
recursively saturated if and only if G is isomorphic to the Hahn sum
⊕QS for some countable Scott set S.
An immediate consequence of Theorems 8 and 16 is
Corollary 17. A countable divisible exponential group G 6= {0} in C
is recursively saturated if and only if C is a (countable) Scott set.
We now construct a countable non Archimedean left exponential real
closed field which is not recursively saturated, or equivalently, which
does not admit an IPA.
Example 18. We let G := ⊕Q(C,+), where C is a countable real
closed subfield of R which is not a Scott set. We set F := C(tg ; g ∈ G)
and K := F rc its real closure. By [K1, Corollary 1.43] K admits a left
exponential function. On the other hand, by [DKL, Theorem 5.2] and
Corollary 17 K is not recursively saturated.
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